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Stochastic resonance driven by two different kinds of colored noise in a bistable system
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The phenomenon of stochastic resonance in a bistable nonlinear system is investigated when both the
multiplicative noise and the coupling between additive and multiplicative noise are colored with different
values of noise correlation timet1 and t2 . Combining the functional analysis and unified colored noise
approximation, the two different kinds of colored noise in the nonlinear system can be simplified. The signal-
to-noise ratio is calculated when a weakly periodic signal is added to the system. It is found that there appears
a transition between one peak and two peaks in the curve of the signal-to-noise ratio when either the noise
correlation timet1 andt2 or the coupling strengthl between additive and multiplicative noise is increased.
The transition between one and two peaks depending ont1 andl is more complex than that depending ont2 .
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I. INTRODUCTION

In recent years, the phenomenon of stochastic reson
~SR! in nonlinear systems has been investigated extensi
both theoretically and experimentally due to its potential
plications@1–24#. The output signal of the nonlinear syste
may be amplified in the presence of an optimal level of no
and a weak periodic signal. The SR phenomenon appea
many fields, such as periodically recurrent of ice ages@1,2#,
electronic and magnetic systems@3,4#, etc. Recently, there
have appeared some extensions of SR, such as doubl
@24,25#, stochastic multiresonance@26–30#, quantum SR
@31#, superthreshold SR@32,33#, control of SR@34–37#, etc.

In general, the multiplicative noise and additive noise o
nonlinear system are taken as different origins. But in cer
situations both multiplicative and additive noise may hav
common origin and then may be coupled as well. T
coupled noise sources were discussed for a two-dimensi
hydrodynamical problem@38,39#. Meanwhile, in most of the
previous analysis concerning the phenomenon of SR, o
white noise is considered. However, the colored nature of
noise can also play an important role in the system.

In this paper, the SR phenomenon in a bistable sys
with coupling between multiplicative and additive noise
investigated when the multiplicative noise and the coupl
between two noise terms are colored with nonzero corr
tion time t1 and t2 . In Sec. II, the two different kinds o
colored noise in the system are simplified when the fu
tional analysis and unified colored noise approximat
~UCNA! are employed. Then the expression of the signal
noise ratio~SNR! is derived. In Sec. III, the effects of mul
tiplicative colored noise correlation timet1 , noise correla-
tion time t2 of the coupling between two noise terms, t
coupling strengthl, and the signal frequencyV on SNR are
discussed. In Sec. IV, the numerical simulation is presen
to check the validity of the approximation method. The sp
tral power amplification~SPA! is compared to the SNR. In
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Sec. V, the transition between one peak and two peaks in
SNR is presented on the parameter planes oft1-V, t2-V,
andl-V. A discussion of the effects concludes the paper

II. THEORETICAL ANALYSIS

If a nonlinear system contains colored noise, it is a no
Markov stochastic process. It is necessary to develop s
approximate methods to transform the non-Markov proc
to the Markov process in order to get analytic results. T
functional analysis and the UCNA are the methods co
monly used in the analysis@16,40–43#.

A. Simplification of two different kinds of colored noise

The nonlinear stochastic system with both colored a
white noise follows the Langevin equation

dx

dt
5h~x!1g1~x!j~ t !1g2~x!h~ t !, ~1!

whereh(x) is the deterministic part, andg1(x) andg2(x) are
coefficients of colored noisej(t) and white noiseh(t), re-
spectively. The two noise terms are characterized by th
mean and variance

^j~ t !&5^h~ t !&50,

^j~ t !j~ t8!&5
P8

t1
expF2

ut2t8u
t1

G ,
~2!

^h~ t !h~ t8!&52Pd~ t2t8!,

^j~ t !h~ t8!&5^h~ t !j~ t8!&5
lAPP8

t2
expF2

ut2t8u
t2

G .
Heret1 andP8 are the correlation time and intensity of th
multiplicative colored noise, respectively.P is the intensity
of white noise, andt2 is the noise correlation time of th
coupling between multiplicative and additive noise.

In the limit t1→0, the multiplicative noise tends to whit
noise, while the coupling between multiplicative and ad

s,
6,
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tive noise is colored correlated. According to the stocha
Liouville equation, Eq.~1! satisfies

]Q~x,t !

]t
52

]

]x
h~x!Q~x,t !2

]

]x
g1~x!^j~ t !d„x~ t !2x…&

2
]

]x
g2~x!^h~ t !d„x~ t !2x…&. ~3!

Here the probability distribution function can be express
asQ(x,t)5^d„x(t)2x…&.

By applying the Novikov theorem and Fox’s approa
@16,40,42,43#, the approximate Fokker-Planck equation c
responding to Eq.~3! can be written as

]Q~x,t !

]t
52

]

]x
h~x!Q~x,t !1P8

]

]x
g1~x!

]

]x
g1~x!Q~x,t !

1
lAPP8

12t2Fh8~xs!2
g28~xs!

g2~xs!
h~xs!G

]

]x

3g1~x!
]

]x
g2~x!Q~x,t !

1P
]

]x
g2~x!

]

]x
g2~x!Q~x,t !
x

a

d
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1
lAPP8

12t2Fh8~xs!2
g18~xs!

g1~xs!
h~xs!G

]

]x

3g2~x!
]

]x
g1~x!Q~x,t !. ~4!

If the multiplicative noise is colored with finite correlatio
time t1 , the UCNA method can be employed@16,20,40,41#.
Thus the non-Markov process of Eq.~1! can be simplified to
a one-dimensional Markov process

dx

dt
5

1

A~x,t1!
@h~x!1g1~x!G~ t !1g2~x!h~ t !#, ~5!

with

A~x,t1!512t1Fh8~x!2
g18~x!

g1~x!
h~x!G . ~6!

Hereh8(x) andg18(x) are the derivatives ofh(x) andg1(x)
with respect tox andG(t) is white noise with

^G~ t !&50, ^G~ t !G~ t8!&52P8d~ t2t8!. ~7!

By combining the results, Eq.~4!, of the functional analy-
sis and Eq.~5! of the UCNA, the Fokker-Planck equatio
corresponding to Eqs.~1! and ~2! can be written as
]Q~x,t !

]t
52

]

]x

h~x!

A~x,t1!
Q~x,t !1P8

]

]x

g1~x!

A~x,t1!

]

]x

g1~x!

A~x,t1!
Q~x,t !

1
lAPP8

12
t2

A~xs,t1!
Fh8~xs!2

g28~xs!

g2~xs!
h~xs!G

]

]x

g1~x!

A~x,t1!

]

]x

g2~x!

A~x,t1!
Q~x,t !1P

]

]x

g2~x!

A~x,t1!

]

]x

g2~x!

A~x,t1!
Q~x,t !

1
lAPP8

12
t2

A~xs,t1!
Fh8~xs!2

g18~xs!

g1~xs!
h~xs!G

]

]x

g2~x!

A~x,t1!

]

]x

g1~x!

A~x,t1!
Q~x,t !. ~8!
tem
d-

ion

l

Thus the two different kinds of colored noise can be appro
mated and expressed by Eq.~8!.

It should be mentioned that the regime of the approxim
tion method used in deriving Eq.~8! is @40#

G~x,t1 ,t2!5H 12
t2

A~x,t1!
Fh8~xs!2

g18~xs!

g1~xs!
h8~xs!G J .0,

~9!

G~x,t1 ,t2!@lAPP8Uh8~x!

h~x!
U.

In the following calculations, these conditions are satisfie
i-

-

.

B. Steady-state distribution function of a bistable system

When a weak periodic signal is added to a bistable sys
with coupling between multiplicative colored noise and a
ditive white noise, the system follows the Langevin equat

dx

dt
52V8~x!1xj~ t !1h~ t !1« cosVt, ~10!

where V8(x) is the derivative of the symmetric potentia
V(x)52x2/21x4/4 with respect tox, which has two stable
states atx6561 and an unstable state atxu50. Meanwhile,
4-2
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h(x)52V8(x)1« cosVt, g1(x)5x, g2(x)51, and j(t),
h(t) have the same characteristics as that in Eqs.~2! and~3!.
From Eq.~4!, one has

]Q~x,t !

]t
52

]

]x
@h~x!1g8~x!g~x!#Q~x,t !

1
]2

]x2 g~x!g~x!Q~x,t !, ~11!

where

g~x!5FP8g1
2~x!1

2lAPP8

112t2
g1~x!g2~x!1Pg2

2~x!G1/2

.

~12!

According to Eqs.~6!, ~10!, and~12!, one has

A~x,t1!5112t1x21
t1« cosVt

x
,

g~x!5FP8x21
2lAPP8

112t2
x1PG1/2

. ~13!

Thus the corresponding Fokker-Planck equation of
bistable system, Eq.~10!, can be written as

]Q~x,t !

]t
52

]

]x
F~x,t1 ,t2 ,l!Q~x,t !

1
]2

]x2 D~x,t1 ,t2 ,l!Q~x,t !, ~14!

in which

F~x,t1 ,t2 ,l!5h̃~x!1g̃~x!
dg̃~x!

dx
,

~15!

D~x,t1 ,t2 ,l!5g̃2~x!,

with

h̃~x!5
h~x!

A~x,t1!
, g̃~x!5

g~x!

A~x,t1!
.

Since the frequencyV is very small, there is enough tim
for the system to reach the local equilibrium during the p
riod of 1/V. Then the quasi-steady-state distribution functi
Qs(x,t) can be derived from Eqs.~13!–~15! in the adiabatic
limit:
02110
e

-

Qs~x,t !5FA~x,t1!

g~x! GexpF E h~x!A~x,t1!

g2~x!
dxG

5FA~x,t1!

g~x! GexpF2
F~x!

P8 G . ~16!

Here F(x) is the rectified potential function and its form
follows

F~x!5
t1

2
x42

4lt1

3~112t2!
A P

P8
x31a1x21a2x

1b lnFP8x21S 2lAPP8

112t2
D x1PG

1
g1

A12l2/~112t2!2

3arctanFAP8/Px1l/~112t2!

A12l2/~112t2!2 G
1H 2t1x1

lt1

112t2
A P

P8

3 lnFP8x21
2lAPP8

112t2
x1PG2

g2

A12l2/~112t2!2

3arctanFAP8/Px1l/~112t2!

A12l2/~112t2!2 G J « cosVt, ~17!

where

a15
P

P8
t1F4S l

112t2
D 2

21G2
2t121

2
,

a258AS P

P8D
3S lt1

112t2
D F122S l

112t2
D 2G

12A P

P8 Fl~2t121!

112t2
G ,

b52
1

2
2

P

2P8
~2t121!F4S l

112t2
D 2

21G
1S P

P8D
2

t1H 16S l

112t2
D 4

212S l

112t2
D 2

11J ,

g15
l

112t2
1

P

P8 Fl~2t121!

112t2
GF4S l

112t2
D 2

23G
12S P

P8D
2S lt1

112t2
D H 216S l

112t2
D 4

120S l

112t2
D 2

25J , ~18!
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FIG. 1. Quasi-steady-state probability density functionQs(x) as a function of the variablex, the coupling constantl, and the noise
correlation timet1 andt2 . All parameters are dimensionless.~a! TheQs(x) is plotted whenl520.5, 0, 0.5. The parameters are chosen
t150.5, t250.2, «50, v50.002,P50.03, andP850.08. ~b! The Qs(x) is plotted whenP850.08, 0.5, 4. The parameters are chosen
l50.5, t150.4, t250.2, «50.05,v50.002, andP50.03. ~c! The Qs(x) is plotted whenP50.03, 1, 10. The parameters are chosen
l50.5, t150.1, t250.2, «50.05,v50.0015, andP850.08.
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g25AP8

P
~t111!1A P

P8
t1F2S l

112t2
D 2

21G .
The quasi-steady-state probability density function~PDF!

Qs(x) of Eq. ~16! is plotted in Fig. 1 as a function of th
variablex when the parameters of the coupling constanl
and multiplicative and additive noise strengthsP8 andP are
varied.

The PDF ofQs(x) is plotted in Fig. 1~a! when the cou-
pling constantl is varied and there is no signal with«50. It
is seen that the peak inQs(x) is shifted fromx511 to x
521 whenl is changed from20.5 to 10.5. Whenl50,
there are two peaks inQs(x) with the same height and width
When there is a signal with«.0, similar shape inQs(x) is
obtained. The two-peak structure appearing in PDF depe
on the value ofl.

The PDF ofQs(x) is plotted in Fig. 1~b! when the mul-
tiplicative noise strengthP8 is varied withl50.5. It is seen
that the peak inQs(x) at x521 is decreased and the
shifted tox50 when the value ofP8 is increased from 0.08
to 4. Forl520.5, similar behavior is obtained. The peak
Qs(x) at x511 is decreased and then shifted tox50 when
P8 is increased.

The PDF ofQs(x) is plotted in Fig. 1~b! when the addi-
tive noise strengthP is varied withl50.5. It is seen that
there are two peaks inQs(x) located atx521 and11. The
peak located atx521 is much higher than that atx511
when P50.03. WhenP is increased to 10, the curve o
Qs(x) is widened and the left peak is decreased with alm
the same height to the right one. The locations of the t
peaks are shifted to nearlyx521.7 and11.7. Whenl5
20.5, similar behavior is observed. The peak inQs(x) lo-
cated atx511 is much higher for a small value ofP. The
two peaks are almost with same height whenP is very large.

From Figs. 1~a!–1~c!, it is seen that theQs(x) with two
peaks of the same height is symmetrically located aboux
02110
ds

st
o

50 when the couplingl50. WhenlÞ0, the symmetry is
broken. There appears either only one peak or two pe
with quite different heights.

C. Signal-to-noise ratio

The expression of the SNR,R, in the bistable system ca
be derived from the two-state approach with two stable sta
(x6) and given by@3,16#

R5
pW1

2«2

4W0
F12

W1
2«2

2~W0
21V2!G

21

, ~19!

where

W05S&a

p DexpF 1

P8 H E161b lnXP8

P
62AP8

P

3S l

112t2
D11C1g1B1~l,t2!J G ,

~20!

W15E2W0

and

E165
12t1

2
1

Pt1

P8 F4S l

112t2
D 2

21G7
4

3
A P

P8 S lt1

112t2
D

6H 8AS P

P8D
3S lt1

112t2
D F122S l

112t2
D 2G

12A P

P8 Fl~2t121!

112t2
G J ,
4-4
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B1~l,t2!5
1

A12l2/~112t2!2
H arctanF l

112t2
6AP8

P

A12l2/~112t2!2
G2arctanF l/~112t2!

A12l2/~112t2!2G J ,

~21!

E25

g2B1~l,t2!6t12A P

P8 S lt1

112t2
D lnFP8

P
62AP8

P S l

112t2
D11G

P8
,

FIG. 2. Signal-to-noise ratio is as a function of the multiplicative noise intensityP8. The parameters are chosen as follows:P50.03
and«50.05. All parameters are dimensionless.~a!, ~c!, and~e! The initial condition isx(0)5x1 . ~b!, ~d!, and~f! The initial condition is
x(0)5x2 . ~a! and ~b! The values of the multiplicative noise correlation timet1 are different.l50.5, t250.2, andV50.002.~c! and ~d!
The values of the correlation timet2 of the coupling between two noise terms are different.l50.5,t150.5, andV50.0023.~e! and~f! The
values of the coupling strengthl are different.t150.5, t250.2, andV50.002.
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andb, g1 , andg2 are the same as in Eq.~18!.

III. EFFECTS OF NOISE CORRELATION TIME
t1 , t2 AND COUPLING STRENGTH l

ON STOCHASTIC RESONANCE

By virtue of Eqs.~19!–~21!, the SNR in the bistable sys
tem can be easily calculated as functions of different par
eters.

A. Multiplicative noise

The SNR as a function of the multiplicative noise inte
sity P8 is plotted in Fig. 2 for different values of the mult
02110
-

plicative noise correlation timet1 , the correlation timet2 of
the coupling between two noise terms, and the noise c
pling strengthl, respectively.

Figures 2~a! and 2~b! are plots of the SNR when the mu
tiplicative noise correlation timet1 is changed. For the initia
condition x(0)5x1 shown in Fig. 2~a!, it is seen that the
SNR is changed from one peak to two peaks when the va
of t1 is increased. For small values oft1 , there is only one
peak in the SNR. When the value oft1 is increased, there
appear two peaks in the SNR. When the value oft1 is in-
creased further, the number of peaks in the SNR is redu
to one peak again. The height of the peaks is increased, w
t1 is increased. For the initial conditionx(0)5x2 shown in
Fig. 2~b!, a similar phenomenon appears. However,
curves of the SNR forx(0)5x2 are higher than those fo
4-5
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FIG. 3. Signal-to-noise ratio is as a function of the additive noise intensityP. The parameters are chosen asP850.08 and«50.05. All
parameters are dimensionless.~a!, ~c!, and~e! The initial condition isx(0)5x1 . ~b!, ~d!, and~f! The initial condition isx(0)5x2 . ~a! and
~b! The values of the multiplicative noise correlation timet1 are different withl50.5, t250.2, andV50.0013.~c! and~d! The values of
the correlation timet2 of the coupling between two noise terms are different withl50.5 andt150.5.~c! V50.0015.~d! V50.001.~e! and
~f! The values of the coupling strengthl are different witht150.5, t250.2, andV50.001.
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for
x(0)5x1 . The shapes of the SNR forx(0)5x2 are nar-
rower than those forx(0)5x1 . From Figs. 2~a! and 2~b!, it
is clear that the correlation timet1 of multiplicative noise
can induce the transition from one peak to two peaks,
then to one peak again in SR.

Figures 2~c! and 2~d! are plots of the SNR when the co
relation timet2 of the coupling between additive and mult
plicative noise is changed. The multiplicative noise corre
tion time t1 is fixed at 0.5. For the initial conditionx(0)
5x1 shown in Fig. 2~c!, it is clear that the one-peak struc
ture in the SNR is not changed whent2 is increased. The
positions of the peaks are increased to large values ofP8.
The height of the peaks is increased ast2 is increased. How-
ever, for the initial conditionx(0)5x2 shown in Fig. 2~d!,
quite a different phenomenon appears. The curve of the S
is changed from two peaks to one peak ast2 is increased.
The height of the peaks is decreased as the value oft2 is
increased. The position of the peaks is changed to small
ues ofP8 ast2 is increased. From Figs. 2~c! and 2~d!, it is
clear that the correlation timet2 of the coupling between two
noise terms can shift the position and change the heigh
the SNR. The effect oft2 on the number of peaks in the SN
depends on the initial condition of the system.

Figures 2~e! and 2~f! are plots of the SNR when the cou
pling strengthl between additive and multiplicative noise
changed. For initial conditionx(0)5x1 shown in Fig. 2~e!,
it is seen that the curve of the SNR is changed from one p
02110
d

-

R

l-

of

ak

to two peaks, and then to one peak again whenl is reduced
from zero to20.8. For l520.8, the peak of the SNR is
very sharp. Figure 2~f! is a plot of the SNR for the initial
condition x(0)5x2 . The curve is the same as that in Fi
2~e!, while the sign ofl is opposite to that in Fig. 1~e!. That
is, the curve of the SNR is changed from one peak to t
peaks, and then to one peak again asl is increased from zero
to 0.8. The curve ofl50.8 in Fig. 2~f! is the same as that o
l520.8 in Fig. 2~e!. From Eqs.~19!–~21!, it is found that
the case ofl.0 with initial conditionx(0)5x6 equals that
of l,0 with x(0)5x7 .

B. Additive noise

The SNR as a function of the additive noise intensityP is
plotted in Fig. 3 for different values oft1 , t2 , andl, respec-
tively.

Figures 3~a! and 3~b! are plots of the SNR when the mu
tiplicative noise correlation timet1 is varied. For the initial
condition x(0)5x1 shown in Fig. 3~a!, it is seen that the
SNR is changed from one peak to two peaks, and then to
peak again when the value oft1 is increased. A similar phe
nomenon appears for the initial conditionx(0)5x2 shown
in Fig. 3~b!. It is seen that the two-peak structure appears
relatively small values oft1 with the initial conditionx(0)
5x1 while that appears for relatively large values oft1 with
the initial conditionx(0)5x2 .
4-6
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Figures 3~c! and 3~d! are plots of the SNR when the co
relation timet2 of the coupling between additive and mult
plicative noise is changed. For the initial conditionx(0)
5x1 shown in Fig. 3~c!, it is seen that there is only one pea
in the SNR. The height of the peak in the SNR is decreas
while the position of the peak is shifted to a large value oP
when the value oft2 is increased. For relatively large value
of P, the curves of the SNR are only changed a small amo
when t2 is increased. For the initial conditionx(0)5x2

shown in Fig. 3~d!, the SNR is changed from one peak
two peaks as the value oft2 is increased. The height of th
peak in the SNR is increased, while the position of the p
is shifted to a small value ofP when the value oft2 is
increased.

Figures 3~e! and 3~f! are plots of the SNR when the cou
pling strengthl between additive and multiplicative noise
changed. It is clear that the SNR is changed from one pea
two peaks, and then to one peak again when the value o
coupling strengthl is varied. For the initial conditionx(0)
5x1 shown in Fig. 3~e!, it is seen that the height of th
curve is increased whenl is increased from21 to 11. For
the initial condition x(0)5x2 shown in Fig. 3~f!, all the
behavior of the curve of the SNR is opposite to that in F
3~e! for x(0)5x1 .

IV. COMPUTER SIMULATIONS AND DEPENDENCE
OF INITIAL CONDITIONS

The computer simulations can be performed through
~10!, and the dependence of the SR on the initial conditio
can be analyzed by Eq.~19!.

A. Computer simulations

In order to check the range of validity of the approxim
tion method employed in the derivation, it is necessary
perform computer simulations. The colored noise terms
Eq. ~2! can be described by two differential equations
Ornstein-Uhlenbeck~OU! noise with constant intensity,

dz i~ t !

dt
52

z i~ t !

t i
1

r i~ t !

t i
~ i 51,2!, ~22!

wherer i(t) is Gaussian white noise with zero mean and

^r i~ t !r j~ t8!&5Cid i j d~ t2t8! ~ i , j 51,2!. ~23!

HereCi is the strength of the corresponding colored nois
The computer simulation is calculated by integrating

dynamical equations of motion, Eqs.~10!, ~22!, and ~23!.
Gaussian white noise is generated using the Box-Muller
gorithm and a pseudo-random-number generator@44,45#.
The numerical data of the time series are obtained using
Euler procedure. Then the data are calculated using a
Fourier transform. To reduce the variance of the result, ty
cally 1024 ensembles of power spectra, each containing
periods of the signal, are averaged. The output signa
noise ratio is defined as the ratio of the strength of the sin
peak to the mean amplitude of the background noise at
input signal frequency.
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Since the spectral power amplification would allow
interpretation by time scale merging arguments and can
directly obtained from the peak of the power spectru
@5,16,29#, the results of computer calculations of both t
SNR and SPA are plotted in Fig. 4. The SNR are plotted
Figs. 4~a! and 4~c! as functions of multiplicative and additiv
noise strengthP8 and P, respectively. It is seen that th
height of the curve of the SNR increases as the multiplica
noise correlation timet1 is increased. The curve of the SN
changes from one peak to two peaks, and then to one p
again ast1 is increased. Compared to Figs. 2 and 3, it is se
that there are longer tails in the computer calculations
sharper peaks in the analytic approximations. The comp
simulations are performed over a wide range of the para
etersv, «, t1 , t2 , and l. Results similar to those in Figs
4~a! and 4~c! are obtained. It is clear that the analytic resu
in the SNR shown in Figs. 2 and 3 are consistent with
computer simulations.

The values of the SPA as functions ofP8 andP are shown
in Figs. 4~b! and 4~d!, respectively. It is seen that the heig
of the SPA is increased as the multiplicative noise correlat
time t1 is increased. The curve of the SPA also changes fr
one peak to two peaks, and then to one peak again ast1 is
increased. Compared to that of the SNR, the curve of
SPA is much narrower than that of the SNR. The peaks of
SPA are also shifted to smaller values ofP8 and P. From
Figs. 2–4, it seems that the noise color can both enhance
SR and induce two peaks in the SNR.

The two-peak structure in the SNR and SPA indicates
possibility that the periodic signals may be enhanced at
different values of the noise level instead of at a single va
if the parameters in the stochastic system are changed.

B. Dependence of initial conditions

The standard SR, as it is classically defined with a pe
odic modulation, is essentially a steady-state property in
response of a nonlinear system. However, the SNR der
from Eqs. ~10! and ~19! depends on the initial condition
x(0). TheSNR’s of Eq.~19! as functions of multiplicative
and additive noise strengthP8 and P are plotted in Figs. 5
and 6, respectively, when the coupling constantl is changed
with different initial conditions.

Figures 5~a!–5~d! are plots of the SNR as a function ofP8
when the coupling constantl and two kinds of noise corre
lation timet1 andt2 are changed. The other parametersv, «,
andP are fixed constants. From Fig. 5~a!, it is seen that there
is no dependence of the SNR onx(0) for l50 even when
t150.7 andt250.2. From Figs. 5~b!–5~d!, it is seen that the
curve of the SNR depends on the initial conditionx(0) when
l50.5. For white noise witht15t250, the peak of the SNR
with x(0)5x1 is higher than that withx(0)5x2 . The peak
of the SNR is shifted to a smaller value ofP8 for x(0)
5x1 @Fig. 5~b!#. For colored noise with eithert150.7, t2
50 or t150, t250.2, the peak of the SNR withx(0)5x1 is
lower than that withx(0)5x2 . The peak is also shifted to
smaller values ofP8 @Figs. 5~c! and 5~d!#.

Figures 6~a!–6~d! are plots of the SNR as a function ofP
when the coupling constantl and two kinds of noise corre
4-7



X. LUO AND S. ZHU PHYSICAL REVIEW E67, 021104 ~2003!
FIG. 4. Numerical simulations of the SNR and SPA as functions of the multiplicative and additive noise strengthP8 andP, respectively.
The parameters are chosen asx(0)5x1 , «50.05, t250.2, andl50.5. All parameters are dimensionless.~a! and ~b! v50.003 andP
50.03.n: t150.5. d: t150.75.* : t150.9. ~c! and ~d! v50.0015 andP850.08.n: t150.08.d: t150.23.* : t150.5.
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lation timet1 andt2 are changed. The other parametersv, «,
and P8 are fixed constants. From Fig. 6~a!, it is seen that
there isno dependence of the SNR onx(0) for l50 even
whent150.7 andt250.2. From Figs. 6~b!–6~d!, it is seen
that the curve of the SNR depends on the initial condit
x(0) in a similar manner with different height. The peak
the SNR with x(0)5x1 is higher than that withx(0)
5x2 . The peak of the SNR withx(0)5x1 is shifted to a
smaller value ofP.

From Figs. 5 and 6, it is clear that the dependence of
SR on the initial conditionx(0) is entirely due to the cou
pling l between two different kinds of noise terms.

V. TRANSITION BETWEEN ONE PEAK AND TWO PEAKS
IN STOCHASTIC RESONANCE

The phenomenon of the transition between one peak
two peaks in stochastic resonance in the bistable nonlin
system, Eq.~1!, can be analyzed by the number of maxima
the signal-to-noise ratio of Eq.~19!.
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A. Multiplicative noise

For multiplicative noiseP8, the maxima of the SNR can
be determined by the equationsd(R)/dP850 and
d2(R)/d(P8)2,0 from Eq.~19!.

Figure 7 is a plot of the parameter planest1-V, t2-V,
and l-V when the SNR is maximum as a function of th
multiplicative noise intensityP8. In these figures, areas la
beled ‘‘S’’ mean that there is a single peak in the SNR. Are
labeled ‘‘T’’ mean that there are two peaks in the SNR. Are
labeled ‘‘N’’ mean that there is no physical meaning in the
parameter regimes since the SNR is less than zero.

Figures 7~a! and 7~b! are plots of the parameter plan
t1-V of the multiplicative noise correlation timet1 and sig-
nal frequencyV. For the initial conditionx(0)5x1 shown
in Fig. 7~a!, it is seen that the SNR is shifted between sing
peak and two peaks as the multiplicative noise correlat
time t1 is increased. When the angular frequencyV of the
signal is in the region of 0.000 14,V,0.0014, the SNR is
changed from single peak to two peaks whent1 is increased.
WhenV is in the region of 0.0014,V,0.0040, the SNR is
shifted from single peak to two peaks, and then to sin
4-8
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STOCHASTIC RESONANCE DRIVEN BY TWO . . . PHYSICAL REVIEW E67, 021104 ~2003!
FIG. 5. SNR as a function of multiplicative noise strengthP8 when initial conditions are changed with different noise coupling cons
l. The parameters are chosen asv50.002,«50.01, andP50.03. All parameters are dimensionless.~a! l50, t150.7, andt250.2. ~b!
l50.5, t150, andt250. ~c! l50.5, t150.7, andt250. ~d! l50.5, t150, andt250.2.
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peak again ast1 is increased. WhenV is in the region of
0.0040,V, there is only a single peak in the SNR ast1 is
increased. WhenV is in the region ofV,0.0023, there is
some region of no physical meaning in the SNR since
negative value of the SNR appears for these parameters
the initial conditionx(0)5x2 shown in Fig. 4~b!, a similar
phenomenon appears. The transition between single peak
two peaks appears at smaller value oft1 than that forx(0)
5x1 .

Figures 7~c! and 7~d! are plots of the parameter plan
t2-V of the correlation timet2 of the coupling between
additive and multiplicative noise and the signal frequencyV.
For the initial conditionx(0)5x1 shown in Fig. 7~c!, there
is no transition between single peak and two peaks ast2 is
increased. WhenV is in the region of 0,V,0.0007, the
region has no physical meaning in the SNR. WhenV is in
the region of 0.0007,V,0.0016, there are two peaks in th
SNR. WhenV is in the region of 0.0016,V, there is only a
single peak in the SNR. In these regions, either a single p
or two peaks appears. There is no transition between
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single peak and two peaks ast2 is increased. For the initia
condition x(0)5x2 shown in Fig. 7~d!, it is seen that the
SNR is shifted between single peak and two peaks. WheV
is in the region ofV,0.0011, the region of no physica
meaning in the SNR appears. WhenV is in the region of
0.0011,V,0.0019, there are two peaks in the SNR and
two-peak structure in the SNR is not changed ast2 is in-
creased. WhenV is in the region of 0.0019,V,0.0031, the
SNR is changed from two peaks to a single peak ast2 is
increased. WhenV is in the region of 0.0031,V, there is
only a single peak in the SNR. It is clear that for the initi
condition x(0)5x1 , the noise correlation timet2 cannot
induce the transition between a single peak and two peak
the SNR. However, for the initial conditionx(0)5x2 , the
noise correlation timet2 can induce a transition between
single peak and two peaks in the SNR. That is, the indu
transition between single peak and two peaks byt2 also
depends on the initial conditions.

Figures 7~e! and 7~f! are plots of the parameter planel-V
of the coupling strengthl between additive and multiplica
4-9



X. LUO AND S. ZHU PHYSICAL REVIEW E67, 021104 ~2003!
FIG. 6. SNR as a function of additive noise strengthP when initial conditions are changed with different noise coupling constantl. The
parameters are chosen asv50.002,«50.01, andP850.08. ~a! l50, t150.7, andt250.2. ~b! l50.5, t150, andt250. ~c! l50.5, t1

50.7, andt250. ~d! l50.5, t150, andt250.2.
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tive noise and the signal frequencyV. For the initial condi-
tion x(0)5x1 shown in Fig. 7~e!, the transition between
single peak and two peaks appears in the SNR asl is in-
creased. WhenV is in the region ofV,0.0006, there exits
an area of no physical meaning. WhenV is in the region of
0.0006,V,0.0016, there is a small area of no physic
meaning. A two-peak structure appears in the SNR, and
transition between single peak and two peaks appears. W
V is in the region of 0.0016,V,0.0044, the SNR is shifted
from a single peak to two peaks and then to a single p
again asl is increased. WhenV is in the region of 0.0044
,V, there is only a single peak in the SNR asl is increased.
For the initial conditionx(0)5x2 shown in Fig. 7~f!, a simi-
lar phenomenon appears. The transition between single
and two peaks appears at a larger value ofl than that for
x(0)5x1 in Fig. 7~e!. It seems that Fig. 4~f! is the result if
Fig. 7~e! is rotated 180° along the axis ofl50.

When the SNR is plotted as a function of the multiplic
tive noise strengthP8, it is seen that all of the parameterst1 ,
t2 , andl can induce the transitions between a single p
and two peaks in SR.
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B. Additive noise

For additive noiseP, the maxima of the SNR can also b
determined by the equationsd(R)/dP50 andd2(R)/dP2

,0 from Eq.~19!.
Figure 8 is a plot of the parameter planest1-V, t2-V,

andl-V when the SNR is the maximum as a function of t
additive noise intensityP. In these figures, the labels ‘‘S,’’
‘‘ T,’’ and ‘‘ N’’ have the same meanings as that in Fig. 7.

Figures 8~a! and 8~b! are plots of the parameter plan
t1-V of the multiplicative noise correlation timet1 and sig-
nal frequencyV. For the initial conditionx(0)5x1 shown
in Fig. 8~a!, it is seen that the SNR is shifted between sing
peak and two peaks as the multiplicative noise correlat
time t1 is increased. When the angular frequencyV of the
signal is in the region of 0.0005,V,0.0008, the SNR is
changed from two peaks to a single peak whent1 is in-
creased to 0.6. There is also an area of no physical mean
WhenV is in the region of 0.0008,V,0.002, the SNR is
shifted from a single peak to two peaks, and then to a sin
peak again ast1 is increased. WhenV is in the region of
4-10
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STOCHASTIC RESONANCE DRIVEN BY TWO . . . PHYSICAL REVIEW E67, 021104 ~2003!
FIG. 7. Parameter planes as functions of the signal frequencyV when the maximum of the SNR appears with respect to the multiplica
noise intensityP8. The parameters are chosen asP50.03 and«50.05. The area labeled ‘‘S’’ means that there is a single peak in the SN
Area labeled ‘‘T’’ means that there are two peaks in the SNR. The area labeled ‘‘N’’ means that there is no physical meaning in the
parameter regimes since the SNR is less than zero. All parameters are dimensionless.~a!, ~c!, and~e! The initial condition isx(0)5x1 . ~b!,
~d!, and~f! The initial condition isx(0)5x2 . ~a! and~b! The parameter plane oft1-V with l50.5 andt250.2. ~c! and~d! The parameter
plane of t2-V with ~c! l50.5 andt150.5 and ~d! l50.5 andt150.2. ~e! and ~f! The parameter plane ofl-V with t150.5 and
t250.2.
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0.002,V, there is only a single peak in the SNR ast1 is
increased. For the initial conditionx(0)5x2 shown in Fig.
8~b!, a similar phenomenon appears with a different para
eter regime. The transition between two peaks and a si
peak appears at a larger value oft1 than that for x(0)
5x1 .

Figures 8~c! and 8~d! are plots of the parameter plan
t2-V of the correlation timet2 of the coupling between
additive and multiplicative noise and the signal frequencyV.
For the initial conditionx(0)5x1 shown in Fig. 8~c!, it is
seen that except for the area of no physical meaning, the
only a single peak in the SNR no matter howt2 is changed.
That is, there is no transition between single peak and
peaks ast2 is increased. For the initial conditionx(0)5x2

shown in Fig. 8~d!, it is seen that the SNR is shifted betwe
single peak and two peaks ast2 is increased. WhenV is in
the region ofV,0.000 25, there exists a region of no phy
cal meaning in the SNR. WhenV is in the region of
0.000 25,V,0.0008, there are two peaks in the SNR a
no transition happens in the SNR ast2 is increased. WhenV
is in the region of 0.0008,V,0.0013, the SNR is change
from a single peak to two peaks ast2 is increased. WhenV
is in the region of 0.0013,V, only a single peak appears i
the SNR ast2 is increased.
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Figures 8~e! and 8~f! are plots of the parameter planel-V
of the coupling strengthl between additive and multiplica
tive noise and the signal frequencyV. For the initial condi-
tion x(0)5x1 shown in Fig. 8~e!, it is seen that the transi
tion between a single peak and two peaks appears in the
as l is increased. WhenV is in the region ofV,0.0006,
there exists a region of no physical meaning and an are
two peaks in the SNR. There is no transition in the SN
WhenV is in the region of 0.0006,V,0.0023, the SNR is
shifted from a single peak to two peaks and then to a sin
peak again asl is increased. WhenV is in the region of
0.0023,V, there is only a single peak in the SNR and
transition appears asl is increased. For the initial condition
x(0)5x2 shown in Fig. 8~f!, a similar phenomenon appear
The transition between a single peak and two peaks app
at a smaller value ofl than that forx(0)5x1 in Fig. 8~e!.

It is very interesting to note that the boundaries in t
parameter space of Figs. 7 and 8 are not smooth cur
These figures, are checked by different calculations fr
derivations of Eq.~19!. It seems that the zigzaglike bound
aries shown in Figs. 7 and 8 are due to the small jumps of
parameters when the SNR is shifted between the regim
one peak and two peaks.
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X. LUO AND S. ZHU PHYSICAL REVIEW E67, 021104 ~2003!
FIG. 8. Parameter planes as functions of the signal frequencyV when the maximum of the SNR appears with respect to the additive n
intensityP. The parameters are chosen asP850.08 and«50.05. The area labeled ‘‘S’’ means that there is a single peak in the SNR. The a
labeled ‘‘T’’ means that there are two peaks in the SNR. The area labeled ‘‘N’’ means that there is no physical meaning in these param
regimes since the SNR is less than zero. All parameters are dimensionless.~a!, ~c!, and~e! The initial condition isx(0)5x1 . ~b!, ~d!, and
~f! The initial condition isx(0)5x2 . ~a! and ~b! The parameter plane oft1-V with l50.5 andt250.2. ~c! and ~d! The parameter plane
of t2-V with t150.5 andl50.5. ~e! and ~f! The parameter plane ofl-V with t150.5 andt250.2.
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VI. DISCUSSION

The stochastic resonance phenomenon in a bistable
tem driven by a weak periodic signal is investigated wh
the multiplicative colored noise and additive white noise
coupled with colored coupling between two noise terms. A
pling the method of UCNA, the general stationary distrib
tion function is derived. Through Fox’s approach, the qua
steady-state distribution function of the bistable system w
a periodic signal is obtained in the adiabatic limit. Then
virtue of the two-state approach, the expression of the S
is derived.

The effects of multiplicative colored noise correlatio
time t1 , the correlation timet2 of the coupling between two
noise terms, and the coupling strengthl on the SNR are
investigated. It is found that all parameterst1 , t2 , andl can
induce the transition between one peak and two peaks in
curve of the SNR. When the values oft1 and l are in-
creased, there appears a transition from one peak to
peaks, and then from two peaks to one peak again. The
sition between one peak and two peaks does not depen
the initial conditionx(0) of the system. When the value o
t2 is increased, there appears a transition either from
peak to two peaks or from two peaks to one peak. There d
not appear the phenomenon of the transition from one p
to two peaks, and then to one peak again. The transi
between one peak and two peaks also depends on the i
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condition of x(0). For certain initial conditions, there may
be no transition between one peak and two peaks. It se
that the transition between one peak and two peaks indu
by t1 andl is more complex than that induced byt2 .

The phenomenon of multiple peaks in the SNR or S
has also been found in Refs.@3#, @26#, and@29# for different
models. It seems that the two peaks in the SNR in the p
neering paper@3# is mainly due to the feedback of the nois
into the signal causing a dip in the SNR at very small sig
frequency. The multiple peaks in the SNR can be caused
either periodic or multiple maxima and minima in the pote
tial @26#. The two peaks in the SNR and SPA can be induc
by dichotomic noise in a bistable system@29#. In this paper,
the two-peak structures in the SNR and SPA are mainly
duced by the multiplicative noise correlation timet1 , the
correlation timet2 , and strengthl of the coupling between
two noise terms.

It is seen that both the height and number of peaks in
SNR and SPA can be varied if the parameterst1 , t2 , andl
are changed. This may provide another possibility of contr
ling stochastic resonance. The SR can be either enhance
suppressed, and the number of peaks in the SR can als
increased or decreased by changing the parameters. S
the control of the SR is investigated theoretically and exp
mentally when upper and lower barriers of either a thresh
or potential energy barrier are modulated@34–37#.
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